Abstract. Product systems have been originally introduced to classify E 0 -semigroups on type I factors by Arveson. We develop the classification theory of E 0 -semigroups on a general von Neumann algebra and the dilation theory of CP 0 -semigroups in terms of W * -bimodules. For this, we provide a notion of product system of W * -bimodules. This is a W * -bimodule version of Arveson's and Bhat-Skeide's product systems. There exists a one-to-one correspondence between CP 0 -semigroups and units of product systems of W * -bimodules. The correspondence implies a construction of a dilation of a given CP 0 -semigroup, a classification of E 0 -semigroups on a von Neumann algebra up to cocycle equivalence and a relationship between Bhat-Skeide's and Muhly-Solel's constructions of minimal dilations of CP 0 -semigroups.
Introduction
E 0 -semigroups naturally arise in the quantum field theory. An E 0 -semigroup is a semigroup of normal * -endomorphisms on a von Neumann algebra with σ-weak continuity, and the study of E 0 -semigroups have been initiated by Powers in [15] . In [2] , Arveson has provided the notion of product system and associated a product system with an E 0 -semigroup on a type I factor. A product system {H t } t>0 is a measurable family of Hilbert spaces H t parameterized by positive real numbers equipped with isomorphisms H s ⊗ H t ∼ = H s+t with the associativity. Note that this is not his original definition, however they are the essentially same (see [11] ). He also classified E 0 -semigroups on type I factors by product systems up to cocycle conjugacy. E 0 -semigroups on type I factors are roughly divided into type I, II and III by units of associated product systems. Every product systems have a numerical index and type I E 0 -semigroups and product systems are completely classified by their indexes. We refer the reader to his monograph [4] for the physical background of E 0 -semigroups and the theory of product systems. The theory of E 0 -semigroups on von Neumann algebras which are not type I factors, has often been developed in terms of Hilbert modules. A Bhat-Skeide's product system introduced in [8] is a family {E t } t≥0 of Hilbert bimodules over a C * -algebra satisfying a similar property with Arveson's one with respect to tensor products of Hilbert bimodules. They classified E 0 -semigroups on a C * -algebra by their product systems up to cocycle equivalence. In [1] , Alevras has associated a product system of Hilbert bimodules with each E 0 -semigroup on a II 1 factor by a different way from Bhat-Skeide's one and they form a complete invariant. In Skeide's monograph [23] , we have the classification theory of E 0 -semigroups on the algebra B a (E) of all adjointable right A-linear maps on a Hilbert (von Neumann) A-module E. On the other hand, Margetts-Srinivasan have introduced other invariants of E 0 -semigroups on II 1 factors in [12] , and they have investigated non-cocycle conjugate E 0 -semigroups on factors in [13] by using the modular conjugation of Tomita-Takesaki theory.
A CP 0 -semigroups is a σ-weakly continuous semigroup of normal completely positive maps on a von Neumann algebra. The theory of Arveson's product systems influenced the constructions of minimal dilations of CP 0 -semigroups. Roughly speaking, a dilation of a CP 0 -semigroup is an extension of it to an E 0 -semigroup in a suitable sense. Stinespring's dilation theorem can not be applied to CP 0 -semigroups, and some researchers have shown an existence of the minimal dilation of a given CP 0 -semigroup gradually. In [6] and [7] , Bhat has shown it in the cases when M is B(H) and a C * -algebra, respectively, in which we do not assume the σ-weakly continuity for semigroups. In [8] , Bhat-Skeide constructed minimal dilations by a method which is valid for both of the von Neumann algebra case and the C * -algebra case. Also, we know Muhly-Solel's ( [14] ) and Arveson's ( [4] ) constructions, which differ from each other, of the minimal dilation of a CP 0 -semigroup on a von Neumann algebra. It is more difficult to construct an example of E 0 -semigroups than CP 0 -semigroups in general, however the existence of (minimal) dilations gives rise to E 0 -semigroups from CP 0 -semigroups. This is one of benefits of the dilation theory. Also, in [17] , we have clarified a direct relationships between Bhat-Skeide's and Muhly-Solel's constructions of the minimal dilation of a discrete CP 0 -semigroup, which is different from one described by Skeide's commutant duality in [20] and [21] .
There have been no approaches to the classification theory of E 0 -semigroups on a von Neumann algebra and the dilation theory of CP 0 -semigroups by the W * -bimodule (which is not von Neumann bimodule) theory. In this paper, we attempt to give a W * -bimodule approach to their field by a way reflected by Bhat-Skeide's works in [8] .
We give an outline of this paper. We will recall the notions of W * -bimodule, relative tensor product, CP 0 -semigroup and E 0 -semigroup in Section 2.
In Section 3, we will provide a concept of product system of W * -bimodules, where adopted tensor products are relative tensor product introduced by Connes [9] . This is a direct extension of Arveson's product system. A unit Ξ of a product system H of W * -M-bimodules induces an E 0 -semigroup on End(H M ), where H is the inductive limit of H with respect to parameters. The E 0 -semigroup is called the dilation of the pair (H, Ξ). We prove that cocycles of the dilation of the pair (H, Ξ) and units of H are the essentially same.
In Section 4, we will find a one-to-one correspondence between CP 0 -semigroups on a von Neumann algebra M and pairs of product systems of W * -M-bimodules and units up to unit preserving isomorphism. The correspondence enables as to translate the σ-weak continuity of CP 0 -semigroups into a continuity of units. Also, the dilation of the pair associated with a given CP 0 -semigroup T , gives a dilation of T . The product system of W * -bimodules associated with a CP 0 -semigroup T describes a relation between BhatSkeide's and Muhly-Solel's constructions of the minimal dilation of T . This is an extension to the continuous case of the relation in the discrete case in [17] . Some relationships among the two constructions and Arveson's construction have not been clarified yet.
In Section 5, we consider the product system associated the heat semigroup {e t∆ } t≥0 given by the Laplacian ∆ on a compact Riemannian manifold, and its dilation by the method in Section 4, as an example. We will show that the W * -bimodules appearing in the construction of the product system associated with {e t∆ } t≥0 are realized as L 2 -spaces with respect to measures given by the heat kernel. We will reconstruct the dilation in more detail under this identification. We can get the product system H α of W * -bimodules (and the unit) from an E 0 -semigroup α on a von Neumann algebra M as CP 0 -semigroups by the above correspondence. We will classify E 0 -semigroups on M by product systems of W * -bimodules: two E 0 -semigroups α and β on M are cocycle equivalent if and only if H α ∼ = H β in Section 6. Hence, this enables as to classify E 0 -semigroups up to cocycle conjugacy by product systems of W * -bimodules. Also, we will get a unit of a given E 0 -semigroup θ on II 1 factor from a unit of the product system H θ associated with θ.
Preliminaries
In this section, we recall the notions of W * -bimodule, relative tensor product, CP 0 -semigroup, E 0 -semigroup, tensor product related to CP 0 -semigroup and partition, which will be used in the later sections. W * -bimodules are Hilbert spaces on which von Neumann algebras act from the left and the right. More precisely, for von Neumann algebras N and M, a Hilbert space H with normal * -representations of N and the opposite von Neumann algebra 
for each faithful φ ∈ M * . This observation will be helpful under the assumption which a von Neumann algebra has a faithful normal state in the later sections. We refer the reader to [25, Chapter IX] , [28] , [26] and [27] for details of the definition and properties of standard spaces included in the modular theory. Now, we shall recall (left) relative tensor products. For more details, see [9, Chapter 5, Appendix B], [16] or [25, Chapter IX, Section 3] . Suppose H is a W * -M-N-bimodule and K is a W * -N-P -bimodule. Let φ be a faithful normal state on N. A vector ξ ∈ H is called a (left) φ-bounded vector if there is c > 0 such that ξx ≤ c φ 1 2 x for all x ∈ M. We denote the set of all φ-bounded vectors in H by D(H; φ). The (left) relative tensor product H ⊗ N φ K is the completion D(H; φ) ⊗ alg K with respect to an inner product defined by
x → ξx ∈ H and we usually use a notation ξφ − 1 2 η rather than ξ ⊗ η. Also, we can define the right relative tensor product by right φ-bounded vectors.
Remark 2.1. Left and right relative tensor products can be defined by the way which is independent on a choice of φ (see [5] Now, we provide the basic notions related with CP 0 -semigroups and E 0 -semigroups. A family T = {T t } t≥0 of normal UCP-maps T t on a von Neumann algebra M is called a CP 0 -semigroup if T 0 = id M , T s T t = T s+t for all s, t ≥ 0, and for every x ∈ M and φ ∈ M * , the function φ( [4, Section 7] . 
for f ∈ L 2 (R) and t, x ∈ R. Then, the family {W x } x∈R 2 of the unitaries satisfies the Weyl relations
where µ t is the probability measure whose Fourier transformation is u t (x) = exp(−t x 2 ).
According to Stinespring's dilation theorem, for a UCP-map T from a C * -algebra A into B(H), there exist a Hilbert space K, a unital representation of A on K and an isometry v : H → K such that T (a) = v * π(a)v for all a ∈ A. However, Stinespring's theorem does not apply to CP 0 -semigroup. The notion of dilation of CP 0 -semigroups are introduced as follows:
A dilation of T consists of a von Neumann algebra N, a projection p ∈ N and an E 0 -semigroup {θ t } t≥0 on N such that M = pNp and T t (x) = pθ t (x)p for all x ∈ M and t ≥ 0. In addition, if N is generated by θ [0,∞) (M) and the central support of p in N is 1 N , the dilation is said to be minimal.
Note that a minimal dilation of a CP 0 -semigroup is unique (if it exists). The existence of minimal dilations is proved by Bhat-Skeide and Muhly-solel. In Section 4, a relation between the two constructions will be clarified. Arveson also constructed the minimal dilation by other approach in [4] (or [3] ).
The notion of cocycle for E 0 -semigroups which is useful for the classification of E 0 -semigroups, is introduced as the following definition.
Definition 2.6. Two E 0 -semigroups α and β on a von Neumann algebra M are said to be cocycle equivalent if there exists a strongly continuous right unitary cocycle w such that β t (x) = w * t α t (x)w t for all t ≥ 0 and x ∈ M. Then, the E 0 -semigroup β is called the cocycle perturbation of α with respect to w.
Let α and β be E 0 -semigroups on von Neumann algebras M and N, respectively, and
is a cocycle perturbation of α, we say α and β are cocycle conjugate.
We will establish a product system of W * -bimodule from a given CP 0 -semigroup in Section 4. For this, we prepare a W * -bimodule equipped with a information of a given normal UCP-map as follows. Let T be a normal UCP-map on a von Neumann algebra M and H a W * -M-N-bimodule. We define M ⊗ T H as the completion of the algebraic tensor product M ⊗ alg H with respect to an inner product defined by
, we can provide the following formula related to the relative tensor products and normal UCP-maps, which will be used for computing inner products in later arguments.
Proposition 2.7. Let T be a normal UCP-map on a von Neumann algebra
Proof. For x ′ , y ′ , z ∈ M, we can compute as
and hence we have
Finally, we prepare notations related with partitions. We fix t > 0. Let P t be the set of all finite tuples p = (t 1 , · · · , t n ) with t i > 0 such that
Also, we write p ≻ q if there exist partitions q i ∈ P s i for i = 1, · · · , m such that p = q 1 ∨ · · · ∨ q m . Let P 0 be the singleton of the empty tuple () satisfying p ∨ () = () ∨ p = p. Note that when we consider partitions of an interval [0, t], treating P t or the set P for all s, t ≥ 0.
If
, it is said to be unital (contractive, respectively).
We introduce a natural notion of isomorphism between product systems of W * -Mbimodules and generating property for units as follows:
for all s, t ≥ 0. Then, the product system H is said to be isomorphic to K and we denote as H ∼ = K.
with respect to φ is said to be generating when the set Let Ξ be a unital unit of a φ-spatial product system H of W * -M-bimodules. We shall define the inductive limit H of H which depends on Ξ and an algebraic E 0 -semigroup on End(H M ) as follows: for 0 ≤ s ≤ t, we define a right M-linear isometry b t,s :
for each ξ ∈ H s . Note that b t,s • b s,r = b t,r for 0 ≤ r ≤ s ≤ t. Let H be the inductive limit of the inductive system (H, {b t,s } s≤t ) and κ t : H t → H the canonical embedding for each t ≥ 0. The right W * -M-module H is called the inductive limit of the pair (H, Ξ).
We shall show that U t is an isometry. For
This implies that for s ≥ 0, ξ s ∈ H s , ζ r ∈ H r and η t , η ′ t ∈ H t , in the general case, we have
We shall check that U t is surjective. In the case when s ≤ t, for η = κ s η s ∈ H, we can conclude that the image of (κ 0 φ
2 η t for all φ-bounded vectors η s−t ∈ H s−t and η t ∈ H t . For η = κ s η s ∈ H, η s can be approximated by vectors U s−t,t ζ for some ζ ∈ D and we have
The von Neumann algebra M can be represented faithfully on H by
for each a ∈ End(H M ). The algebraic E 0 -semigroup θ is called the dilation of the pair (H, Ξ). If we assume a continuity to the unit Ξ, then it becomes an E 0 -semigroup as follows:
Proof. For each a ∈ End(H M ) and each φ-bounded vector ξ ∈ H, we have A right cocycle w = {w t } t≥0 for θ is said to be adapted if κ t κ * t w t κ t κ * t = w t for all t ≥ 0, where κ t is the canonical embedding from H t into H. The following theorem describing a correspondence between cocycles and units, will enable as to classify E 0 -semigroups by product systems of W * -bimodules in Section 6. 
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* for all t ≥ 0.
Proof. Let {U s,t } s,t≥0 be a family giving the relative product system structure of H and H the inductive limit of (H,
for each x ∈ M, and hence the contractivity of w t implies that π φ (λ(t)) * π φ (λ(t)) ≤ 1. We shall show that Λ is a unit. For s, t ≥ 0, κ s+t = U t (κ s ⊗ id t )U * s,t implies the following calculations.
Conversely, let Λ = {λ(t)} t≥0 be a contractive unit of H, and for each t ≥ 0,
For all ξ ∈ H, the equation
is implied from the approximation of κ * 0 ξ by vectors as the form of φ 1 2 x. In particular,
for all t ≥ 0, x ∈ M, and hence w t = 0 on the orthogonal complement of the closed subspace κ 0 κ * 0 H. Thus, computations
for every x ∈ M, implies that w is a right cocycle. We shall show that w is adapted. For all t ≥ 0 and all ξ ∈ H, by (3.8), we have
By (3.8) again and the fact that the family {κ t κ * t } t≥0 is increasing, we have also
We conclude that κ t κ * t w t κ t κ * t = w t , that is, the adaptedness. We can check that the correspondence between contractive adapted right cocycles and contractive units is one-to-one by (3.8) .
✷ Note that by (3.7) and (3.8), the unit associated with an adapted unitary right cocycle is unital, and the contractive adapted right cocycle associated with a unital unit preserves inner products on κ 0 κ * 0 H. 4. CP 0 -semigroups and units of product systems of W * -bimodules
In this section, we will obtain a one-to-one correspondence between algebraic CP 0 -semigroups on M and pairs of (φ-spatial) product systems of W * -M-bimodules and generating unital units up to unit preserving isomorphism. It will be shown that the dilation of the pair associated with a given CP 0 -semigroup T is a dilation of T . Also, we will discuss a relation between the continuity of CP 0 -semigroups and one of units as follows: the unit associated with a CP 0 -semigroup is continuous, and conversely, a continuous unit gives rise to a CP 0 -semigroup.
First, we shall establish an algebraic CP 0 -semigroup from a unit. Let Ξ = {ξ(t)} t≥0 be a unital unit of a φ-spatial product system H = {H t } t≥0 of W * -M-bimodules. We define a unital linear map
for each t ≥ 0 and x ∈ M. 
We can describe the continuity for the algebraic CP 0 -semigroup T Ξ as the one for the unit Ξ as the following theorem. 
Proof. Suppose (4.2) for all x ∈ M. For t ≥ 0 and x, y, z ∈ M, we have
Thus, when t → +0, the inner product T t (x)φ 
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Conversely, we assume that T Ξ is a CP 0 -semigroup. We can compute as xξ(t), xξ(t) = xU t,0 (ξ(t)φ
Thus, when t → +0, we have κ t (xξ(t)) − κ 0 (xφ
We say that a unit Ξ with (4.2) is weakly continuous.
Next, we shall construct a product system and a unit from a given algebraic CP 0 -semigroup T on M. For t > 0 and p = (t 1 , · · · , t n ) ∈ P t , we define a W * -M-bimodule
2 ) for each x, y ∈ M. We can check that a p(s i ) is an M-bilinear isometry by Proposition 2.7. We define an isometry
Then, the pair ({H T (p, t)} p∈Pt , {a p,q } p≻q ) is an inductive system of W * -M-bimodules. Let H T t be the inductive limit and κ p,t : 
Proof. For s, t > 0, we define a map
Here, note that κ q,s ξ q is φ-bounded. We shall show that U T s,t is an isometry, i.e. the equation
In general case, since κ s,s = κ s ′ ,s a s ′ ,s for all s, s ′ ∈ P s with s ′ ≻ s, if we takeq ∈ P s ,p ∈ P t , such thatq ≻ q, q
In particular, we conclude that U T s,t is well-defined and can be extended to an isometry from H To show (3.1), it is enough to check it for φ-bounded vectors with the form κ p,t (( 2 ) = xv t yφ 1 2 for x, y ∈ M. For t ≥ 0 and p ∈ P t , the unitaries induce a bilinear unitary , that is, each T t is defined by
By using the normalized canonical trace on M 2 (C), for t ≥ 0 and p = (t 1 , · · · , t n ) ∈ P t , it turns out that H T (p, t) coincides with C n ⊕ C 2 on which M acts as 
Let p = (t 1 , · · · , t n ) ∈ P t . Fix a faithful normal state φ on M and suppose ρ ∈ C 1 (H) is associated with φ by φ(x) = tr(ρx) for all x ∈ M. In terms of C 2 (H), the inner product
for each x 1 , · · · , x n , y 1 , · · · , y n , a 1 , · · · , a n , b 1 , . . . , b n ∈ M. The properties (2.1) and µ s * µ t = µ s+t ensure the fact that a p,q defined by (4.4) is isometry for p, q ∈ P t .
In Section 5, we also will discuss the case of classical heat semigroups, that is, the construction of product system associated with the heat semigroup on a compact Riemannian manifold and its dilation in more detail.
We denote the inductive limit of the pair (H T , Ξ T ) associated with an algebraic CP 0 -semigroup T by H T , and the unitary:
Also, {b T t,s } s≤t is the family of isometries giving the inductive system for H T as (3.3) and π T is the faithful representation of M on H T defined as (3.4).
On the other hand, we have
By calculations of inner products and [23, Lemma A.2], when t tend to 0, we conclude that U t (ξφ 
Moreover, if we denote by N the von Neumann algebra generated by
Proof. We shall show that π T (T t (x)) = pθ t (π T (x))p for all t ≥ 0 and x ∈ M. For all y, z ∈ M, we have
for all a ∈ End(H The following theorem asserts that the correspondence between algebraic CP 0 -semigroups and generating unital units is one-to-one up to unit preserving isomorphism. Proof. It is clear that T Ξ T = T . For t ≥ 0 and a partition p = (t 1 , · · · , t n ) ∈ P t , we define a map u t : H
is the canonical embedding. We can check that u t is an isometry. Since Ξ is generating, u t can be extended as unitary from H
By the associativity of {U s,t } s,t≥0 , we have 
for each t ≥ 0. This is an extension to the continuous case of the relation in the discrete case given by [17] and the proof of the correspondence (4.6) is essentially the same.
Heat semigroups on manifolds and product systems
In this section, we will consider the product system associated a heat semigroup T and a dilation of T .
We shall recall the concept of heat semigroup on a compact Riemannian manifold. We refer the reader to [10] for their general theory. Let M be a compact Riemannian manifold with the normalized Riemannian measure µ associated with M. We can define the self-adjoint positive (unbounded) operator ∆ on L 2 (M) like the Laplacian on the Euclid space. The operator ∆ is called the Laplacian (or Dirichlet Laplacian) on M. The semigroup T = {T t } t≥0 of bounded operators on L 2 (M) defined by T t = e −t∆ for each t ≥ 0, is called the heat semigroup on M.
For t > 0, it is known that there exists a measurable function p t on M × M such that
for each f ∈ L 2 (M). The family {p t } t>0 called the heat kernel on M has the following properties:
The equation (5.1) enables as to extend the heat semigroup T to a semigroup on L p (M) for each 1 ≤ p ≤ ∞. We have the following continuity with respect to parameters:
for each f ∈ L p (M) and p = 1, 2. The heat semigroup T on M is a CP 0 -semigroup on the commutative von Neumann algebra M = L ∞ (M). A Noncommutative Laplacian and the associated CP 0 -semigroup on a type I factor are discussed in [4, Chapter 7] . They are noncommutative analogies of the Laplacian on and heat semigroup on a manifold. Now, we shall compute the product system H T of W * -bimodules associated with the heat semigroup T on M = L ∞ (M). For this, we introduce the following notations.
Definition 5.1. For t > 0 and p = (t 1 , · · · , t n ) ∈ P t , we define a probability measure µ p on M p = M n+1 by
For convenience, we define as M () = M and µ () = µ for the empty partition ().
Definition 5.2. Let s, t > 0, p ∈ P s , q ∈ P t with #p = m, #q = n, and f p , g q and h be functions on M p , M q and M, respectively. We define functions f p ✷g q , f p ✷h and h✷g q on M p∨q , M p and M q , respectively, by
.
For t > 0 and p ∈ P t , the Hilbert space L 2 (M p , µ p ) has a canonical W * -M-bimodule structure given by gf = g✷f and f ✷g for each f ∈ L 2 (M p , µ p ) and g ∈ M. Then, we can obtain the following identification as W * -M-bimodules.
Proposition 5.3. For t > 0 and p ∈ P t , we have an isomorphism
Proof. Let τ be the canonical faithful normal trace on M = L ∞ (M) given by integrals on M. Suppose p = (t 1 , · · · , t n ). We define a M-bilinear map u p,t :
, where f i (x i ) denotes the function f i on M with variables x i and g i (x i+1 ) is similar. By the formula in Proposition 2.7, we have
and hence u p,t is an isometry.
We shall check that u p,t is surjective. For an arbitrary ε > 0 and f ∈ L 2 (M p , µ p ), there exists g ∈ C(M n+1 ) such that f − g L 2 (Mp,µp) < ε. Since the space
is dense in C(M n+1 ) with respect to the uniform convergence topology, there exist N ∈ N and functions f i,j ∈ C(M) for each i = 1, · · · , n + 1 and j = 1, · · · , N such that g − N j=1 f 1,j (x 1 ) · · · f n+1,j (x n+1 ) ∞ < ε. Now, equations imply that the image u p,t (D p,t ) of for all Borel set A ⊂ M, where 1 A is the characteristic function on A. Also, the family {µ p | p ∈ t>0 P t } of probability measures describes joint distributions for {X t } t≥0 as follows: for a partition p = (t 1 , · · · , t n ) ∈ P t and Borel sets A 1 , · · · , A n , if we denotě p = (t 2 , t 3 , · · · , t n ), then we have P x (X t 1 ∈ A 1 , X t 1 +t 2 ∈ A 2 , · · · , X t 1 +··· ,t n−1 ∈ A n−1 , X t ∈ A n ) = Mp p t 1 (x, x 2 )1 A 1 (x 2 ) · · · 1 A n−1 (x n )1 An (x n+1 )dµp. Now, we shall reconstruct the product system associated with the heat semigroup T and a dilation of T under the identification in Proposition 5.3.
Let q ≻ p with p = (t 1 , · · · , t n ) ∈ P t and q = p(t 1 ) ∨ · · · ∨ p(t n ) with p(t i ) = (t i,1 , · · · , t i,k(i) ) ∈ P t i . The isometry a q,p :
is given by a q,p (f p )(x 1,1 , · · · , x 1,k(1) , x 2,1 , · · · , x 2,k(2) , · · · , x n,1 , · · · , x n,k(n) , y) = f p (x 1,1 , x 2,1 , · · · , x n,1 , y)
for each f p ∈ L 2 (M p , µ p ) and x i,j , y ∈ M. By H Proof. Note that the function defined by the right hand belongs to L 2 (M) by Jensen's inequality with respect to the convex function h defined by h(z) = z 2 for each z ∈ R. For each g ∈ L 2 (M), we can compute as b * t,0 κ p,t f, g = κ p,t f, κ (t),tg = f, a p,(t)g = Mp f p (x 1 , · · · , x n , y)g(y)dµ p (x 1 , · · · , x n , y) = M M n f p (x 1 , · · · , x n , y)p t 1 (x 1 , x 2 ) · · · p t n−1 (x n−1 , x n )p tn (x n , y)dµ n (x 1 , · · · , x n )g(y)dµ(y) = M M p ′ f p (x 1 , · · · , x n , y)p tn (x n , y)dµ p ′ (x 1 , · · · , x n )g(y)dµ(y).
Thus, we have shown the desired equation. ✷
The right action of M on the right W * -M-module H T is given by (κ t κ p,t f p )g = κ t κ p,t (f p ✷g) for each t ≥ 0, p ∈ P t , f ∈ L 2 (M p , µ p ) and g ∈ M = L ∞ (M). Clearly, for t > 0, the identification H T ⊗ M H 0 t is isometry. Since the map : φ 1 2 x → λ(t)x is isometry, we have span{λ(t)x | x ∈ M} = L 2 (M). Thus, by (3.9), each w 0 t is surjective. Now, we shall show that w 0 is strongly continuous. For s ≥ 0, by the continuity of Λ, we can check that 
